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ABSTRACT
It is demonstrated that electron screening, in
combination with a particle velocity distribution,
greatly enhances the cross sections and reaction rates
for deuteron-deuteron (D-D) and proton-deuteron
(Jr D) fusion for low kinetic energies (E ::; 20 eV,
center of mass frame). Jr D fusion rates are shown to
be comparable to D-D fusion rates for E rv 10 eV, so
that in electrolysis experiments with equal amounts
of Hand D, JrD fusion should compete with D-D
fusion as a reaction mechanism.
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Reaction (la) is not a "real" fusion reaction but a
neutron-transfer reaction, while reaction (1 b) is a. fusion reaction in which two protons are fused to form
a 3He nucleus. Because of the complexity of the
four-nucleon system, no rigorous theoretical calculations of the D-D fusion rates and branching ratios
and of the H -D fusion rates have been carried out
at low positive energies . Since there are no direct
measurements of the fusion cross sections, a(E), for
reactions (la) and (lb), below ED ~ 4 keY (laboratory (LAB) frame), and for reaction (Ic) below
EH ~ 24 keY (LAB), a(E) has to be extrapolated
using the measured values of a( E) at higher energies as is conventionally done in astrophysical calculations [13,14] for kT 2:, 1.5 keY. In our case, an
extrapolation down to the order of 10 eV is required.
We describe in the discussion below the extrapolation method used in the astrophysical calculations
[13,14] which assumes equal branching ratios for reactions (la) and (lb). In the following, a theoretical
formulation will be given in detail only for reactions
(la) and (1 b), as it is similar to that for reaction
(lc ).

Recently, the effect of a velocity distribution [1]
in the context of a surface reaction mechanism [2,3J
was shown to be very important in reducing the discrepancy between the electrolysis fusion results [4-9]
and the conventional estimates [10-11] of cold fusion
rates. More recently, it has been suggested [12J that
the effect of electron screening may become significant at low energies and further reduce the discrepancy. In this paper, we present results of our detailed calculations of the deuterium-deuterium (DD) and proton-deuterium (JrD) fusion rates including both a velocity distribution and electron screening . In section II, definitions and expressions for the
Coulomb barrier penetration factor, fusion cross sections and fusion rates are described. In section III,
the calculated results are presented and discussed. 11.1. Velocity Distribution
Finally, section IV contains conclusions .

II. THEORETICAL FORMULATION
Three dominant fusion reactions occurring at low
energies are
D+

+D

--+

3H(l.OlMeV)
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Since the precise form of the D+ velocity distribution in electrolysis experiments is not known at
present, we will assume a Maxwell-Boltzmann distribution with and without a cut-off for high velocity
components. The temperature term, kBT, will be replaced by the "average" kinetic energy, EDD, in the
center of mass (CM) D-D frame, which is related to
the most probable velocity v (eM) by EDD = ~ v 2
(CM) with the reduced mass M = MD/2.
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For a Maxwell-Boltzmann velocity distribution,

the D-D fusion rate, A (sec- 1 / D-D pair), for reaction (la) or (lb) is given by [13,14]

A (EDD)

nD

=2

(av) ,

(2)

with

by electron clouds and is electrically neutral outside
the electron screening range, r ... The expression for
a(E) given by eq. (4) is derived for the case in which
one D+ is incident on another D+. Therefore, the
Coulomb barrier penetration factor ("Gamow factor") in eq. (4)

= exp (-(EG/ E)1/2)
(7)
is appropriate only for the (D+ + D+) reaction and
needs to be modified for the case of ( D+ + D) in reactions (la) and (lb), and for the case of (D+ + H) in
PG(E)

reaction (lc). The modified Coulomb barrier penetration factor, P.. (E), is the probability of tunneling
through the barrier to reach the nuclear surface and
can
be computed from solutions of the Schroedinger
a(E) = S(E) e-(EG /E)1/2
(4)
equation
for a (D+ + D) system in which an attracE
tive Coulomb potential V.. ( r) due to the presence of
which is the conventional form assuming (la), (Ib),
shielding electrons is included with the original reand (lc) are non-resonant charged particle reacpulsive Coulomb potential between two D+'s (two
tions. EG is the "Gamow energy" given by EG =
protons).
2
(27raZDZD)2 Me /2 or EG :::::: 31.39 (keV)1/2 with
the reduced mass M :::::: MD/2 for reactions (la) and
The modified Coulomb barrier penetration fac(lb) and E:!2 = 25.64 (keV)1/2 for reaction (lc) tor, P.. (E), which includes the effect of V.. (r),
with the reduced mass M = mpMD/(mp + MD) :::::: can be calculated in the Wentzel-Kramers-Brillouin
MD/3. E is in units of keY in the center of mass (WKB) approximation as
(CM) reference frame. The S-factor, S(E), is extracted from the experimentally measured values
[15,16] of the cross section, a(E), for E ~ 4 keY
and is nearly constant [13,16]' S(E) : : : 52.9 keY - b,
2M) 1/21r..
for both reactions (la) and (1 b) in the energy range exp
rN (Vc(r) + Va(r) - E)1/2dr
[ (~
of interest here, E
1 keY . For reaction (Ic),
(8)
S(E) :::::: 2.50 X 10- 4 keY - b [13]. The deuterium
22
density nD is assumed to be '" 6 X 10 em -3. Ec in
eq. (3) is the upper integration limit beyond which where Vc ( r) is the repulsive Coulomb potential bethe high velocity components are cut off. With a tween two D+ 's,
Taylor series expansion of S( E) [13]
2
where the cross section, a(E), has been parameterized as [13]
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:s

v:c (r ) -_

S(E):::::: S(O)

+ S'(O)E + ~ S"(0)E2 ,

For a sharp velocity distribution, which has been
used in the argument against the possibility of DD fusion at room temperature, the D-D fusion rate
(sec- 1 / D-D pair), A 6 , is given by

A6(E) =

,

(9)

trons. The effective nuclear interaction range, rN ::::::
8F (twice the deuteron radius), can be set to zero in
eq. (8) without loss of accuracy. The integral in eq.
(8) cannot be carried out analytically in general, but
can be written for an attractive potential, V.. ( r) < 0,
as

2(2:;) 1/2 1 (Vc(r) + V.. (r) _ E)1/2dr
r

..

a(E)v(CM)

(6)

EDD = ": v 2( C M) = ~ v 2( LAB) =
ED(LAB), and a(E) is from eq. (4).

where E
~

2

r

(5) and Va ( r) is the potential due to the shielding elec-

the integral in eq. (3) can be carried out numerically.

nD

ZDZDe

=

(EG)1/2
(10)

11.2. Electron Screening Effect

In electrolysis fusion experiments and other fusion processes, D+ is incident on D, which is shielded

where E .. (E) is determined by carrying out the integral numerically for each value of E > o. The
modified penetration factor, P.. (E), is then given by
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P.(E) = exp (_E~2 /(E

+ E.(E))1/2)

.

(11)

Since the magnitude of V., (r) decreases monotonically from a maximum value of JV.,(O) I to JV.(ra)1 as
r increases from 0 to r a , E.,(E) is bounded by

When V.(r) = 0, E.(E) vanishes, and we recover the
conventional Gamow factor, P.(E) =: Pa(E), given
by eq. (7).
The classical turning point, ra in eq. (8), is determined by
(12)
From eqs. (10) and (12), it can be easily shown
that E.(E) in eqs. (10) and (11) satisfies iV.,(ra) I <
E.(E) < JV.(O)I [12J. Using P.(E), the new extrapolation formula appropriate for reactions (la), (lb),
(1c), and other fusion reactions can now be written
as

a.(E)

= S~)

exp

(_E~2 /(E + E.,(E))1/2)

(15)
The recent elaborate calculations [17,18] yield r. ,2:,
0.05 A. r. ~ 0.05 A for TiD and PdD can be
justified also on physical grounds since the electron
number density in the solid phase is expected to be
10 3 times larger than that in the gas phase; hence
a radius scale such as r. is expected to be 10 times
smaller.
Since the precise form of the effective electron
screening potential, V.( r), will depend on experimental conditions and is not yet known, we shall
use a simple potential of the form

(13)

(16)

The parameterization [13] of S(E) used in eq. (4) which has one parameter ZlI/r." where Z., is the
can also be used in eq. (13), since S(E) is deter- effective electron charge and r. is the screening
mined from the measured cross sections at higher radius. V ( r) given by eq.( 16) can be generated
lI
energies E ~ E.(E) where the electron screening from a spherical
shell charge distribution, Pe =
effect is negligible.
(Zlle/47rr.r )6(r-r ). When VlI(r) given by eq. (16)
a

The screening energy term E.(E) can be extracted from the measured values [15,16] of a~xp(E)
for reaction (1a), D(D,p)3H. The values of E.(E)
extracted from a~xp(E < 4 keV(CM)) [15,16J using eq. (13) are (40 - 60) eV [12] and have large
uncertainties. Therefore, it is important to carry
out precise measurements of a~xp(E) with improved
accuracies for E < 4 keV(CM). The experimental
values a~xp(E) [15,16J were measured with D2 gas
targets for which the electron screening potential is
expected to be approximately that of the Is hydrogen electron with E.(E) = e 2 lao ~ 27 eV. However,
for solid targets such as TiD and PdD, the electron screening range could be as small as a tenth of
the Bohr radius, ao/l0 ~ 0.05 A [17]. Thus the extracted values of E.( E) from solid metal deuteride
targets may be up to ten times (E.(E) ~ 300 eV)
larger than values (E.(E) ~ 40 - 60 eV) extracted
from D2 gas targets [15,16J.
For the case of the Yukawa screening potential,
V( r) = (ZDZ.e 2/r )e- r / r ., the electron screening potential is given as

V.(r)

= VCr) -

2

Vc(r)

a

is used in eq. (8), the penetration factor becomes

where E., = ZDZse2/rll = E.(E). Equation (17)
has previously been used for D2 molecular fusion
calculations [11] and for the analysis of D 2 0 cluster
fusion [19]. Finally, for the screening potential of eq.
(16), eq. (13) becomes

a.( E)

S(E)
=~

exp

(1/2
- )1/2)
- Ea / (E + E.
(18)

III. RESULTS
We calculate the fusion cross sections and reaction rates, aDD (EDD) and ADD(ED D), using eqs.
(18) and (2), respectively, for reactions (la) and (lb)
for Ell = 0,1,4, and 10 e 2 / ao. nD is assumed to be
6 X 10 22 cm- 3 and the parametric values for S(E)

ZDZ.e
= ---=----'----r
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To study the effect of introducing a high-energy
cut-off (Ec in eq. (3)) for the Maxwell-Boltzmann
velocity distribution, we calculate the fusion rates
ADD(EDD) of eq. (2) for the sum of reactions (la)
and (lb) as a function of Ec for the cases EDD = 5
and 10 eV with E~ = 0, 4, and 10 e 2 lao in eq. (18).
The calculated results are plotted in Fig. 4. As can
be seen from Fig. 4, the effect of a cut-off in the
velocity distribution is substantially less for the case
of E6 = 10 e 2 lao than for the case of E~ = 0 (no
electron screening effect).

given in reference 13 are used in eq. (18). The calculated results for (JDD(EDD) and ADD(EDD) are
plotted as functions of E DD ::; 20 eV in Figs. 1
and 2, respectively; ADD(ED D ) is for the sum of
reactions (1a) and (1 b), assuming equal branching
ratios . In evaluating ADD(EDD), the cut-off energy
Ec in eq. (3) is assumed to be infinite. The case
where E~ = 0 in Figs. 1 and 2 corresponds to the
use of the conventional Gamow factor, eq . (7), as
in eq. (4). As can be seen from Figs. 1 and 2, the
electron screening effect (E 6 i: 0) becomes increasingly significant for (JDD(EDD) and ADD(EDD) for
reactions (la) and (lb), as EDD decreases below 20
eV.

For reaction (lc), we calculate the fusion cross
section and rates, (JpD(EpD) and ApD(EpD), using
eqs . (18) and (2), respectively, with the replaceIn order to study the effect of the velocity distri- ments of nDI2 in eq. (2) and M and EDD in eq.
bution, we calculate the fusion rates A6(EDD) with (3) by nH, M = mpMDI(mp + MD) ::::: MDI3,
a sharp (delta function) velocity distribution using and EpD( eM), respectively. Parametric values of
eq. (6) for reactions (1 a) and (1 b ). The calculated E~ = 0, 1, 4, and 10 e 2lao are used. nH is as22
results for A6 ( EDD) with E6 = 0,4, and 10 e 2 I ao are sumed to be nH = nD = 6 X 10 em - 3, and the
plotted and compared in Fig. 3 with the correspond- parametric values for S(E) for reaction (lc) given in
ing cases of ADD(EDD) with a Maxwell-Boltzmann reference 13 are used in eq. (18) . Ec in eq. (3) is
velocity distribution. As can be seen from compar- set to infinity. The calculated results for (JpD( EpD)
ing A6 and ADD in Fig. 3, the effect of the velocity and ApD(EpD) are plotted in Figs. 5 and 6, respecdistribution becomes increasingly important as EDD tively. The E~ = 0 case in Figs. 5 and 6 corredecreases, but is less so as E~ increases for reactions sponds to the use of the conventional Gamow factor,
(la) and (lb) .
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The cal~ulated cross sections (JDD(EpD) for reactions (1a) and (lb), D(D,p)3H and
D(D,n) He, for EDD :5 20 eV with E6 = 0, 1,4, and 10 e2lao. e21ao = 27.17 eV with
~o = 0.53 A. In this and subsequent figures, _the solid, dashed, dash-dotted, and dotted
hnes refer to the results of calculations using E6 = 0, 1, 4, and 10 e 2lao, respectively.
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The calculated fusion rates ADD(EDD) for reactions (la) and (lb), D(D,p)3H and
D(D, n)3He, for EDD ~ 20 eV with £6 = 0, 1,4, and 10 e 2 lao .
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Comparison of the D-D fusion rates ADD(EDD) with a Maxwell-Boltzmann velocity distribution (upper curve in each pair) and the D-D fusion rates A6(EDD) with a sharp velocity
distribution (lower curve in each pair) with £6 = 0, 4, and 10 e 2 lao. EDD < 20 eV.
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The calculated D-D fusion rates ADD(EDD) as a function of the cut-off energy Ee with a
Maxwell-Boltzmann velocity which is cut off above E = Ee. EDD = 5 (lower curve in each
pair) and 10 eV (upper curve in each pair) with E~
0,4, and 10 e 2 /ao are shown .
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Comparison of the p-D fusion rates ApD(EpD) and the D - D fusion rates ADD(EDD) for
E( = EpD = EDD) ::; 20 eV with Ell = 0 and 10 e 2 lao.
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eq. (7), as in eq. (4). As in the case of reactions EpD(and EDD) < 20 eV as shown in Fig. 7. There(la) and (lb) (Figs. 1 and 2), the electron screening fore, p-D fusion can compete with D-D fusion if an
effect (E~ -:J 0) becomes substantial for (JpD(EpD ) HID ratio of nH InD ;:::j 1 can be maintained in both
the H 2 0-D 2 0 mixture and the Pd cathode during
and ApD (EpD) at very low energies.
electrolysis fusion experiments.
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